von Neumann algebras can be obtained as the covariance algebra of a covariant system (A, p, R) over the real numbers with A a type II von Neumann algebra (cf. [6] 
and [28]).
Before we proceed to describe the scope of this work, we shall make some more precise definitions. There are two kinds of covariant systems we are going to consider, first systems (A, p, G) where A is a von Neumann algebra and p is a-weakly continuous (i.e. the map x --> O(pj(a)) is continuous for all a E A and all normal functionals 4 of A). In this case the covariance algebra A is defined such that it is a von Neumann algebra. Second, we shall study systems (A, p, G) where A can be any C*-algebra, but p is now supposed to be norm-continuous (i.e. x -4 p,(a) is norm-continuous for all a E A). The covariance algebra will then be a C*-algebra, but W is usually not a-closed.
Let us now concentrate on the von Neumann algebra situation, so let (A, p, G) be a covariant system with p a-continuous. If we think of A as a concrete von Neumann algebra on a Hilbert space H we can define the so-called regular representation (p, X) of (A, p, G) over X = L2(G, H) by p(a)f (x) = px-(a)f (x), (0.1)
X(y)f (x) = f (y -lx) for a E A, f E X, x, y E G. (0.2)
The von Neumann algebra generated by the set {p(a)X(x)1a E A, x E G} will be called the regular covariance algebra of (A, p, G). The main subject of Chapter 2 is to describe all von Neumann algebras which can be obtained as the regular covariance algebra of a covariant system (A, p, G) over a given group G. 
To get an impression of the ideas involved, let us look at what happens when G is abelian. It then turns out that if I is the regular covariance algebra of (A, p, G), there is a natural a-continuous homomorphism T of the dual group G onto Aut(W) given by
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We want to prove that (A U X(G))" = W, and in order to do this it suffices to prove that any element a E 9? can be approximated with elements from (X(G) U A)". This can be done as follows: Let {<Pi} be a net from L1(G) such that the net {( } of Fourier transforms is an approximate identity in L 1(G) (this is possible, cf. [19, 1.6.4]). Then take ai = fgpi(x)P (aA(x))X(x 1) dx.
ai E (A U X(G))" and ai -> a in the a-topology. So W = (A u X(G))" and if we define p,(a) = X(x)aX(x'-) for a E A, x E G it is not too difficult to prove that A is isomorphic to-the covariance algebra of (A, p, G). In order to state a duality theorem for regular covariance algebras over a nonabelian group G, we immediately see that we need a duality theorem for nonabelian groups. Takesaki showed that all the apparently different duality theorems for nonabelian locally compact groups can be given a unified approach by introducing so called "involutive abelian Hopf-von Neumann algebras", see [26] .
Let us give a brief sketch of the ingredients of this theory. If PI(G) is the von Neumann algebra generated by the left regular representation of G over L2(G) we can define a *-isomorphism 6 : Cf(G) -E f&(G) 0 Ci (G) by SG(a) = V*(a 0 I)V fora E IS(G) (0.5) where V is the unitary operator over L2(G x G) defined by Vf(s, t) = f (s, st). If i is the identity map of f&(G) we will have (i 0aG )SG = (SG 0 ')SG

SG is called a comultiplication since we can define a multiplication on A(G) = P,(G)* = the predual of C(G) (this is usually called the Fourieralgebra of G) by <a, a:> = <KG (a), a 0 fl> for a E _(G), a, / z A (G). (0.6)
It is known that A (G) can be considered a subspace of Co(G), and the multiplication defined by (0.6) coincides with pointwise multiplication of functions in Co(G). The duality theorem for F&(G) then simply says that G is isomorphic to the set of all nonzero elements x of F (G) satisfying SG(X) = x 0 x. (An element in G is identified with its image in FE(G) and FE(G) is given the a-topology.) We are not going to use this duality theorem for groups, but it has served as a motivation in formulating our duality theorem for covariance algebras over nonabelian groups which we now shall describe. Suppose I is the regular covariance algebra of a covariant system (A, p, G) acting on the Hilbert space X = L2(G, H) as described above. Define a unitary operator W over X 0 L2(G) _ L2(G x G, H) by
Wf(s, t) = f(s, st) forf E L2(G x G, H), s, t E G.
We can then define a *-isomorphism 6: X E0F_(G) by We just saw that the comultiplication SG Of E(G) defined a multiplication in A (G), the predual of f,(G). In a similar way a map 8 satisfying (0.9) will define an action of A (G) on the predual W* of W by <a, T9a> = <d (a),T0a ap for a E W, T E W*, a E A (G).
So W * is an A (G)-module, and accordingly (s, 8) is called a f&(G)-comodule.
This is consistent with the terminology used in algebra, cf.
[21]. So this describes what could be called the von Neumann algebra version of the duality theorem for regular covariance algebras which appears in Chapter 2. Let us now sketch how the proof for abelian groups can be extended to the nonabelian case. We see that we need an analogue of the map P defined above and we shall briefly describe how this can be done when G is discrete.
So we shall suppose that we have given a von Neumann algebra W, a homomorphism X: G -* W and an isomorphism 6: W IW 0 FE(G) satisfying (a 0 i)6 = (i 0 6G)6 and 8 o ;(x) = ;(x) 0 x for x E G. f&(G) has a finite trace tr defined by tr(a) = <ace, Ce> for a E PE (G) where Ce E L2(G) is defined by Ee(X) = 0 for x 7 e and Ee(e) = 1. We can define a normal, bounded, positive linear map P: W X 0 f(G) --> W such that P(a 0 b) = tr(b)a for a E X, b E E_i(G). Then P o 8 will map I onto A = {a E %I8 (a) = a 0 I), and P o 8 turns out to be the analogue of the map a -> f-Tr(a) dy defined for an abelian G. We can then prove that A and M(G) generates W and that I is isomorphic to the covariance algebra of (A, p, G) where p, (a) = X(x)aX(x -1) for a E A, x E G. It is now clear how we should proceed from discrete, nonabelian groups to the general situation. We will have a map tr of E&(G) also for G nondiscrete, however it is only densely defined, so the corresponding map P is also only densely defined. By carefully using the continuity properties of P developed in Chapter 1 we can prove the duality theorem also for general locally compact groups.
Chapter 3 contains the duality theorem for C*-algebras and let us now try to describe this. If (A, p, G) is a covariant system with A a C*-algebra over a Hilbert space H and p is norm-continuous (i.e. x -> p, (a) is norm-continuous for all a E A) the regular C*-covariance algebra I is defined as the C*-algebra generated over L2(G, H) by the operators p(q)) with qp E COO(G, A) = the norm-continuous A-valued functions on G with compact support, and p(q)) is defined by 4(q)f (x) = f -i (-( (y))f (y -lx) dy for f E L2(G, H), x E G.
As before we can define a continuous representation X of G by (0.2), but now X(x) is not in I (this is only the case if G is discrete and A has an identity). However, A(x) E M (W), the multiplier algebra of X, and X is continuous with respect to the multiplier topology on M (W) The proof now follows the same line as sketched for the von Neumann algebra situation, but a-convergence of course has to be replaced by normconvergence. Define Wo, %I and the map P as above:
<P (a)t, rq> = f <TY(a) , 'q> dy for a e .
It turns out that P (a) is not necessarily in X, not even in M(W) for a E
& I, but we can prove that if f, g E Coo(G), a E X, then P(X(g)*aX(f)) E A. Now take b = X(g)*aX(f) (note that elements of this form are norm-dense in %) and take a net {Pqi} from L1(G) such that the net {<P} of Fourier-transforms is an approximate identity in L1(G). With bi = fGipi(x)P(bX(x))X(x1) dx we will have that bi -> b in norm. This is the essential part of the proof, it is not difficult now to conclude that I is isomorphic to the C*-covariance algebra of (A, p, G).
In order to extend this theorem to C*-covariance algebras over a nonabelian group G we have already done much of the ground work when describing the duality theorem for von Neumann covariance algebras. We of course want to replace f&(G) with C,*(G) (the C*-algebra generated by the left regular representation of L1(G)) and define the maps SG and 8 by (0.5) and (0.7). The first problem arising is that we usually will have 8 (VI) LZ l 0 C,*(G) and similarly for SG(C,*(G)), but we will have 6(W) C M(%I 0 C,*(G)). For the general duality theorem for C*-covariance algebras (Theorem 3), see Chapter 3. It should be noted that our duality theorems are always stated with respect to some fixed group G, we do not answer the question when an operator algebra fl is the covariance algebra of some covariant system (A, p, G) over some group G. Of course this problem always will have the trivial solution obtained by taking G = {e} and A = W. Furthermore, this problem cannot have a unique solution in general. For instance if we have a covariant system (A, p, G) where the group G is a semidirect product of a closed normal subgroup N and a closed subgroup H, then the covariance algebra W of (A, p, G) will also be the covariance algebra of another covariant system (0, p, H). Here e8 is the covariance algebra of This map was studied by J. Tomiyama in [29] . In this chapter we shall study the map P., obtained by instead letting Tp be a weight on S. The unboundedness of 9p will imply that P., is not everywhere defined, and we shall study the continuity properties of P., still remaining. If X is bounded, (W 0 O)w = W 0 e and the map P. will be a bounded, positive linear map onto W. This case has been studied in [29] .
We shall now study the continuity properties of the map P.. Through the rest of this chapter X shall be some fixed faithful normal semifinite lower semicontinuous weight on Q, and we shall simply write P for P.. Convergence is always with respect to the a-topology. LEMMA As before let W and e be C*-algebras with a weight X on Q, but let us drop the assumption that they are von Neumann algebras. We shall suppose that W is faithful and lower semicontinuous and that OW is norm-dense in 93. Then X has an extension to a normal semifinite weight on the von Neumann algebra Q**, cf. [4, Proposition 4.1]. , will be a-dense in 0** and e will have an approximate identity {ei} with each ei E ,. As before we can define the linear map P = Pt,: (W ** 0 03**)W^, W**.
P is normal, i.e. if (ai) iel is an increasing net in (W 0 3) converging to a E (W 0 Q3) in the a-topology, then P (ai) P (a).
PROOF. If p E We
We 
Suppose now that we have a covariant system (A, p, G) and that A is a concrete von Neumann -algebra over some Hilbert space H. Define a normal, faithful *-representation p of A over X = L2(G, H) = H 0 L2(G) by p(a)f(x) = px-i(a)f(x)
for a E A,f e X, x E G, (2 
Definition of the Plancherel weight on e(G). Coo(G) is a left generalized Hilbert algebra if we give it the inner product from L2(G) and defines multiplication and involution as usual by fg(x) =ff(Y)g(y-x)dy forf,g E Coo(G), (2.17) f*(x) = /(x -1) f (x -1) forf E COO (G ). (2.18)
If we proceed as described in Chapter 1 we get a *-representation of Coo(G) over L2(G) which generates the von Neumann algebra C(G). From Chapter 1 it follows that we have a faithful, normal, semifinite weight tr on e-(G)+ such that tr(g*f) = <f, g> = g*f (e) forf, g E COO (G). (We identify an element f E Coo(G) with its image in e&(G), which acts on L2(G) by the formula (2.17) for all g E L2(G).) tr is a trace on P?(G) if and only if G is unimodular, we shall use the notation tr even though it is not a trace in general, since we only shall need its properties as a weight.
We shall now apply the theory developed in Chapter 1 with e = C(G) and W*-crossed products over an abelian group. Suppose now that G is an abelian locally compact group, G its dual group, and we shall always assume that the Haar-measures (dx and dy respectively) are chosen such that the Plancherel theorem holds. Theorem 1 can now be restated as follows: If 9f is a von Neumann algebra and G is a locally compact  abelian group, then 9f is isomorphic to a regular W*-crossed product  W*(A, p, G) for some covariant system (A, p, G) 
PROOF. If a c A, there is a netfi from COO(G) such that X(fi*)aX(f1) -> a in the a-topology, so it is sufficient to prove that X(f) C Wo for f C COO(G). For
Suppose b E W 0alg CO(G) (the algebraic tensor product) and that x c W 0 E (G). By the Kaplansky density theorem there is a net from
THEOREM 2.
Since L'(G) is generated by {xlx E G), (2.31) holds for all p E L'(G).
Finally we want to check the formula ( Theorem 2 tells us that a covariant system (A, p, G) over an abelian group  G naturally gives rise to a new covariant system (T, , G) over G, where  W = W,*(A, p, G). (21, T, G) then gives us a third covariant system  (W*(21, T, G), p, G) and it is natural to ask what relation this covariant  system has to (A, p, G) . This question has been answered by M. Takesaki *(A, p, G) ), this C*-algebra is called the regular C*-crossed product of G and A or the regular covariance algebra of (A, p, G). *(A, p, G) does not depend on the Hilbert space H on which A is represented.
As in Chapter 2 one can check that this definition of Cr
The analogue of Lemma 2.1 in this situation is as follows: p is said to be inner if there is a homomorphism U from G into the unitary group of M(A)  such that U is continuous in the multiplier-topology and p,(a) = U aU -, for  all a C A, x C G. Then Cr*(A, p, G The next four lemmas will give as a result that for f, g e COO(G), a E W we will have P o 8((f)*aX(g)) E A = {a E M(%)I (3.6), (3.7) and (3.8) hold). This proves (3.11).
To prove Theorem 3, we must show that U3 U* = 8 (a), i.e. that 3 -I ( U U*) = W. Suppose this is not true, then there is a p E 9C* with g =# 0, Note that we now almost have given the simple proof possible for Theorem 3 when G is discrete. We just proved that each a E-W can be written a = X,=lai with 6(ai) = ai C xi, xi e G. Therefore aiX(xi-1) E A, so each ai and therefore also a is in 6 -1( U U*), using the terminology in the proof of = xax-1 for x E G, a E CC(L2(G) ). BIBLIOGRAPHY 
